In his letter to Mersenne, Fermat gave the first two rows of this The numbers in the second row he called radicals, and the numbers in the first row, their exponents. When a radical is prime it may be used to construct a perfect number by Euclid's theorem. Clearly the argument may be extended to show that when the exponent has a factor t, 2t -1 is a factor of 2 -1.
We mark this result with an asterisk as it is needed repeatedly later on, together with its generalisation from changing the number 2 to any other positive integer. What follows is a collection of ideas, which were available to Fermat and would have been sufficient to prove that 2P -2 has a factor p for any prime number p. The method assumes familiarity with Pascal's triangle. This was only given by Pascal in 1654, but known to some extent for several hundred years before that. Fermat had a good knowledge of binomial coefficients by 1636. When n is a prime number p, and 0 < r < n, n(n -1)(n -2)... (n -r + l)/r! has a factor p.)
Since p is a factor of 2P -2, p is also a factor of 2P -1.
Fermat's little theorem (standardform): p is a factor of aP -a. Before looking at the third claim in Fermat's letter of June 1640 we return to Fermat's letter to Fr6nicle of 18 October, and possible proofs of the claims that Fermat described.
The binomial coefficients which appear in the expansion of (1 + ly) also appear in the expansion of (2 + 1), so Continuing in this way we can establish that the prime p divides a" -a, for any positive integer a, with the proof built up from the bottom. This is one of the standard forms of Fermat's little theorem.
It was not characteristic of the period to provide the inductive step in a general form though it is this step which is implied by 'continuing in this way'. In fact the inductive step comes directly from spotting the pattern in the cases above.
Since 
.). So ifp is a factor of aP -a, p must be a factor of (a + 1)f -(a + 1).
The binomial expansion of (a + l) may be used to construct another proof. Fermat claimed that if t were the least exponent such that the prime p divided at -1, then p divided a"t -1. This follows from the first claim (*) putting a instead of 2 in the argument. Fermat also claimed that t was a factor of p -1. This follows from the little theorem when it is shown that every s such that p divides aS -1 is a multiple of t.
THE MATHEMATICAL GAZETI'E
The generic proof given above provides the structure of a general proof by contradiction. If p divides as -1 for some positive integer s which is not a multiple of t, then s lies between two consecutive multiples of t, so tn < s < t(n + 1) for some integer n. Now p divides atn -1 and therefore p also divides (a- 1,10, 100, 1000, . .. contained a perfect number. Fermat's claim meant that there were no numbers n such that 1020 < 2n-(2n -1) < 1022, with 2n _ 1 being prime. Now 1020 < 22n-1 -2n-1 < 1022 requires 66 < 2n -1 < 73, or 67 < 2n < 74, or 33 < n < 37. 34, 35 and 36 are not prime numbers, so these values for n cannot make 2n -1 prime from Fermat's first claim (*). Thus n = 37 is the only possibility that must be tested. Fermat's third claim, above, implied that any prime factor of 237 -1 must be of the form 74k + 1. 75 is not prime. But 149 and 223 are primes. Fermat found that 223 was a factor of 237 -1. So his third claim had reduced this huge problem to a still large, but manageable problem. So it seems that Fermat had his three results of June 1640, and the little theorem as well, by April of 1640.
